Lecture 32. Orthogonal projections

Def Consider o subspace V of R and o vector WelR.

) The orﬂmogoml projection of W onto \V is the vector

W=Proj, We\V

such thot W-W is orﬂ\ogomﬂ to oll vectors in V.

() The distance from W to s Iw-wl

Note (1) T W lies in V, we hove W=W.

2) W is the closest vector to W in V.
Thm If V is o subspoce of R together with an orthogonal basis

®=1V V), Vul, for any welR we have
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W - \/|
Projy W = C Vi +CoVat -+ CuVm  With €= T
ﬁ W-W is orﬂ(\ogoml to oll vectors in V.
= (W-W) V=0 =2 WV -0 V=0=WV=WUV
RN

Since W="Proj, W lies in V, we mwoy write ©=CVi+C Vot + Cralm
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= (C V' +CoVot  + CoVlen) - V;
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E_x Congider the vectors

2 | 5 ]

- 3 —_ Y — 3

u= 0 y V= - y W= -
— I J L-_zJ L_é_

) Determine whether & and V are orﬂ/\ogoml.

- -

Sol W'V =2:1+30+0-(-)+1-(-2) =0

= U and V are ‘orﬂ\ogomﬂ

2) Find the orﬂmogoml projection of W onto the subspace of R

spanned by W and V.

Sol The orﬂmogoml projection is W =CU+CV  with

o

_ 5:2+8-3+(-1)-0+(-6):1 28

W _28 _
VAV L+ +0+|” 14 )
=WV _51+80+) N6 18 _
aERVERVE 1>+ 0"+ (=1 +(-2) 6
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o |3 o| |6
= W=2Uu+3vV=2 I -t B I
L 2] A

(3) Find the distance from W to the subspace of R spanned by
W oand V.

Sol IW-0l ={(5=F)+(8=6) +(-1=(-3))*+(-6—(-4))* =\16 = [4



Eﬁ Find the distance from +he point (8, F,2) fo the line L sponned by

[

8
Sol We find the distance from W=|:7j| to L.

o Mo W

2

The vector V gives an orﬂwoaovxai basis of L.

The orﬂ(\ogovxd projection of W onto L is

W= V= V=2v=2|2[=]4

=)

V-V F+27+(2)° ol (4

= |[W-Wl =\{(8-6)+(F-4)+(2—(4) =49 = [¥

Note Alfernatively , we moy use the cross product fo find

H-» /\H ”\/ XW“
[l

Tn foct, if 6 is +he &vxgle between V ond W, we have

Iw-all =Rl sine = VWl sin® _ |V xW||

Il vl
However, the cross product is defined only for IR



Ex Find the standard watrix of the ltnear franstormotion T @ IRF— IR”
which vreflects each vector Jr\/\roug\m the line y=2x

kj Lj: 2X
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Sol The line y=2x is spanned by VZ{Q}.

= Vv gives an orﬂ\oaoml basis of the line y=2x.

2

The orﬂwogoml projection of ?:[i‘} onto fhe line y=2X is

- > 2 2 v
VERY, "4 2 5 2 5

/\_?-7 V= X l+X 2 5 X+2%, | | _ | Xi+2X,
X7 - T 5| 2 +4%s

RN —5\ A - _ /\__,_& X\"‘le _ X\ __I _5X|+4'Xz
= T(X)=2(R-X)+X¥=2%-X = 5{ } [XJ— 5[4X\+?>XJ

Hence the standord wotrix is

134
A‘5{45}

Note We hove previously discussed this exomple in Lecture 21 using
c\no\nge of bosis. We will revisit Hhis exomple again in Lecture 34

from o shghﬂg different perspective .



